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a b s t r a c t
We present results for stiffness and damping prediction in a class of layered, wavy, metal–polymer composites that exceed conventionally published stiffness-damping maps (The Wang–Lakes line, see [14]).
These composites are realized by judiciously placing selected, wavy, metal sheets that sandwich an
ultra-thin layer of polymer. Stacks of alternating metal–polymer layered composites, when compressed
axially under harmonic loading exhibit not only very high stiffness but also very high damping leading to
an ‘‘ideal’’ combination of properties for a variety of structural applications. In this paper, a ﬁnite element
based study has been presented to predict the mechanical stiffness and damping of such composites. It
has been shown that reducing the thickness of the viscous polymer layer not only increases the stiffness
of such composites but also improves the damping.
Ó 2013 Elsevier Ltd. All rights reserved.

1. Introduction
The use of tailored composites for improved stiffness/strength
and enhanced damping performance is becoming increasingly
important in advanced engineering systems that are considered
for aerospace and automotive applications. Stiffness improvement
in composites can be achieved by controlling the manufacturing
and constituent properties starting from the nano scale and spanning up to the traditional macro-composite manufacturing methods. In particular, polymer composites have generated signiﬁcant
interest in the design of damped structural systems, due to the viscoelastic properties of the polymer. From previous research, it appears that design changes that cause an increase in damping will
result in corresponding reduction in stiffness and strength [1]. At
the macro-mechanical level, research has emphasized that individual constituent layer properties, orientation, interlaminar effects,
hybridization of laminae, etc. may have a signiﬁcant inﬂuence on
the attainment of improved damping properties. The results presented by Hwang and Gibson [3] for graphite/epoxy angle ply laminated composites under extensional vibrations, showed the
existence of an optimal ﬁber orientation and an optimal laminate
width to thickness ratio for maximizing the contribution of interlaminar damping. The data showed the maximum loss factor that
could be achieved for this composite is in the range of 0.02–
0.025 for a ﬁber orientation of 40°. The use of surface damping
treatments by the application of a viscoelastic damping tape sandwiched between the base structure and a thin constraining layer is
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also well known. In this type of structure, damping is improved
due to the fact that vibration energy will be dissipated by shearing
motion of the viscoelastic material, as the base structure vibrates
in ﬂexure [2]. It has also been shown in [5], that damping due to
constrained layer treatment can be optimized by selecting the
proper length of the constraining layers. Analytical and experimental results have been presented in [5] to show that an optimum
tape-to-beam length ratio leads to maximum damping, and
exceeding that length does not necessarily improve the damping
characteristic. At the same time it is observed that for a given
tape-to-beam length ratio damping is higher when the tape is ﬁxed
at the root than the case where it is free. This effect was shown to
be due to additional shear deformation created in the visco-elastic
layer by the ﬁxed boundary condition.
In the micro-mechanics based approach of damping improvement, the effects of ﬁber aspect ratio and ﬁber orientation have
been explored. Suarez et al. [6] and Gibson et al. [7] showed that
the use of discontinuous ﬁber reinforcement with a stiffness mismatch between ﬁber and matrix leads to the improvement of internal damping in ﬁber reinforced polymer composite materials by
increasing the shear deformation near the ﬁber ends. It was also
shown that for unidirectional short ﬁber composites damping increases with decreasing ﬁber aspect ratio. More in this line, the effect of ﬁber interaction on damping improvement is studied
experimentally and analytically, by varying the ﬁber end gap (i.e.
the distance between two successive ﬁber) [3]. The conclusion
was that the composite damping generally increases with increasing ﬁber end gap size, because of the stress transfer through a
shear mechanism at the ﬁber matrix interface and an increased
amount of matrix material between two ﬁber ends. However, for
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all these cases, the stiffness of the composite reduces due to the
discontinuous ﬁber alignment. In other words, all these micromechanical approaches of improving damping can be achieved at
the cost of reducing the composite stiffness.
In the micro-scale and nano scale based studies, effects of the
ﬁber matrix interphase and its inﬂuence on damping has been
investigated. Various 2D and 3D ﬁnite element models are found
to characterize the interphase contribution on damping such as
in, [8,9]. Friend et al. [9] assumed a two phase composite material
as perfectly bonded and interphase as a three-phase material and
concluded that interphase has a signiﬁcant inﬂuence on composite
damping. The important point to note here is that inﬂuence of
interphase is most likely to happen in micro level or even smaller
length scale, its effect is not so signiﬁcant at the macroscopic structural property evaluation.
Another important approach with relevance to the present
study, by Pratt et al. [10,11] has been devoted to investigating
the geometric ﬁber wavy pattern in composites to induce additional damping. This particular manufacturing technique involved
the use of visco-elastic layers that are co-cured with and embedded between ﬁber layers having continuous wave-like patterns.
In another study, Pratt [12], showed a detailed FEA analysis and
comparison with experimental results of this type of wavy layer
composite in order to show the variation of its stiffness or damping
characteristics as a function of the thickness of the composite layer,
thickness of the visco-elastic layer and the variation in the wavelength. Their results show, for a given composite layer thickness,
by reducing the thickness of the visco-elastic layer, the damping
property can be improved, while keeping the modulus more or less
constant. Meaud et al. [4] recently derived analytical formulae for
the effective stiffness and damping of linear viscoelastic composites with parallel plane layers of a soft and lossy constituent and
a stiff constituent. They demonstrated using numerical optimization that high damping and high stiffness can be simultaneously
obtained. In the present work, a numerical study is performed by
exploiting the concept of sandwiching an ultra thin polymer layer
in between thick wavy steel layers, to improve the ‘in-plane’ stiffness and damping properties of the resulting composite. It is observed that for a given amplitude of the waviness, by reducing
the thickness of the visco-elastic polymer layer, both stiffness
and damping can be improved by a signiﬁcant amount. The explanation for this improvement is due to the relative increase in the
steel volume fraction; reducing the polymer layer thickness, for a
given composite thickness, increases the volume fraction of the
steel, which contributes to improved in-plane stiffness. Moreover,
shear dissipation mechanism as described earlier is involved in the
polymer layer which results in improved damping properties. The
accurate modeling of the visco-elastic polyurethane is a key to the
present predictive numerical study, which has been achieved
through a micro-mechanical based constitutive model in conjunction with appropriate experimental data ﬁtting. The numerical results show promising values for the composite stiffness and
damping, well above the Wang and Lakes line [14].
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of the polymer layer ðt p Þ, to achieve the maximum possible stiffness and damping with this conﬁguration. A 2D plane strain representative volume element (RVE) is chosen for the simulation, as
shown in Fig. 1, where the plane strain condition is restricted to
the x–y plane. Periodic boundary conditions are applied along the
edges of the RVE. The waviness of the metal sheet is sinusoidal
in nature, to avoid sharp joints (corners at the peak) in manufacturing and provide a more stable structure. The material models used
in the simulations are perfectly elastic for the metal sheet with no
damping, and a nonlinear viscous material model for the polymer
layer. The nonlinear viscous model used here has been proposed by
Sain et al. [18], as a modiﬁcation of a simple linear-viscous law to
capture the strain rate dependent damping response of the chosen
polymer in the small strain regime. The particular polymer chosen
here is a polyurethane synthesized in-house by our collaborators
(hereby named as UMPU2), which shows considerably large damping using dynamic mechanical analysis (DMA) characterization
with tand ¼ 0:98 and a storage modulus of 60 MPa at 1 Hz frequency. To capture this high amount of damping along with the
strain rate dependent nature of this class of polymers, a nonlinear
visco-elastic constitutive model is proposed in [18]. Since the entire modeling methodology is described in detail in [18], only a
summary has been provided in the following.
2.1. Constitutive modeling of polyurethane: rate dependent damping
and stiffness characterization
1-D schematic representation of the constitutive model is
shown in Fig. 2. The model consists of several branches of linear
spring and dashpot combinations, which takes into account the entire range of the relaxation spectrum. The modiﬁcation in the present model compared to a traditional linear visco-elastic model
essentially lies in adding the hyper-elastic spring to capture the
high stretch behavior in the polymer along with the linear spring
dashpot behavior within a ﬁnite deformation framework. To obtain
the linear spring and dashpot constants, the constitutive equations

Fig. 1. The representative volume element of the proposed composite.

2. Problem description and numerical implementation
We restrict the geometric parameters considered herein to
those that are feasible using current manufacturing technologies
[20]. The manufacturing facility suggests that the minimum possible thickness of the polymer layer can be 2 l, and it can be varied
up to a maximum limiting value of 20 l. For the ﬁnite element (FE)
simulations, these two values are taken to be the limiting cases for
the polymer layer thickness. A series of simulations is performed
by varying many of the geometric features, such as the amplitude
of the waviness ðdÞ, thickness of the metal sheets ðts Þ, and thickness

Fig. 2. Schematic representation of the constitutive model for the polyurethane.
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with n being the chain density (number of molecular chains per unit
reference volume) of the underlying macromolecluar network, k is
the Boltzmann’s constant and h is the absolute temperature, currently taken as constant room temperature.
pﬃﬃﬃﬃFurther N is the number
of rigid links between two crosslinks and N represents the limiting
stretch of each chain.
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and B is the deviatoric component of B as given by,
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Fig. 3. Uniaxial stress–strain response for UMPU at quasi-static strain rate (0.5%/s)comparison of experimental data and FE model prediction.
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The isochoric deformation is developed by neglecting the volume change as:
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To describe the kinematics of the ﬁve linear spring-dashpot
branches, it is expedient to explain the kinematics just for one
branch considering the traditional Maxwell element in ﬁnite deformation regime. We assume that the total deformation gradient can
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are linearized and represented by an equivalent Prony series based
model and experimental DMA data is used to ﬁt the relaxation
time constants. Each term in the Prony series expression represents a stiffness value corresponding to a particular relaxation
time. Hence, the total number of terms in Prony series needed to
ﬁt the DMA data for the UMPU2 depends on how many relaxation
times are present to characterize the material response for the frequency/strain rates considered. For the UMPU2 polyurethane used
in this study, it is observed that 5 branches of linear spring-dashpot
combination (or ﬁve terms in Prony series) is required to capture
the frequency dependent stiffness and damping variation of the
DMA data. As shown in Fig. 2, the left most side branch consists
of a nonlinear spring and there are several branches of linear
springs in combination with linear dashpot. The macroscopic
deformation gradient F is the same in all the branches as given by:

F ¼ FN ¼ FV1 ¼ FV2 ¼   

ð1Þ

and the total Cauchy stress is the sum of the components coming
from all the springs (in this case n ¼ 5),
n
X

TVi

ð2Þ

i¼1

The hyperelastic rubbery spring captures the high stretch deformation in the molecular chains. The well known Arruda–Boyce
[17,19] eight chain model is used to characterize the nonlinear
spring deformation. The Cauchy stress in the non linear spring
following Arruda–Boyce potential is given as:

FV ¼ FV FV

v

ð8Þ

Furthermore, we introduce the relation between the velocity
gradient, rate of total deformation tensors and the rate of viscous
strain tensor (in the current conﬁguration) as follows,
e
_ e e 1
_ v v 1 V e 1
V
_ 1
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Hence, in the reference conﬁguration, the visco-plastic velocity
gradient can be written as:
v
v
v
_ v v 1
LV ¼ DV þ WV ¼ FV FV

ð10Þ
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Fig. 4. Uniaxial stress–strain response at high strain rate-comparison of FE model
prediction and experimental data.
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where DV is the rate of viscous strain and WV is the viscous spin
tensor respectively. Without loss of generality, one can assume the
viscous spin to be zero and the viscous ﬂow rule is expressed as:

c_ V v 0 c_ V v
DV v ¼ pdﬃﬃﬃ Tv þ pPﬃﬃﬃ PI
2sv
2sv

ð11Þ

where P is the hydrostatic pressure. In most models, the viscous
stretch rate is assumed to depend only on the deviatoric component
of the driving Cauchy stress (the ﬁrst term in the right hand side of
Eq. (11)). However we found necessary to include a small component that depends on the hydrostratic pressure in the viscous
stretch rate in order to ﬁt the DMA data (the 2nd term in the right
hand side of Eq. (11)). The equivalent stress sv is given by

sv ¼


1=2
1 v0 v0
T :T
2

ð12Þ

where Tv is the deviatoric component of the Cauchy stress developed in the linear spring attached with the dashpot. The constitutive equation to describe the stress–strain response in the linear
spring is given by,
0

TV ¼

1
ðdetFVe Þ

Le ðlnVVe Þ

ð13Þ

where VVe is the right stretch tensor obtained by polar decomposition of the elastic deformation gradient as,

FVe ¼ VVe RVe

ð14Þ

and Le is the fourth order elastic tensor.
_
_
In Eq. (11), cdV v and cPV v are the equivalent viscous strain rates
due to the deviatoric stress and due to the hydrostatic pressure
respectively, and are assumed to follow a linear viscous law. Moreover, the viscous laws for deviatoric and volumetric deformations
are assumed to have the same relaxation time constant, t r . For a
linear viscoelastic model, the relationship between the strain rate
and the stress in linear small strain regime is given by:

_ ¼

dev ðrÞ trðrÞ
þ
2Gtr
3Kt r

ð15Þ

In order for the ﬁnite deformation model to be equivalent to a
linear viscoelastic model described by Eq. (15) in the low strain regime, the equivalent viscous strain rates are given by:
Table 1
Material parameters for polyurethane.

ð16Þ
ð17Þ

where G (respectively K) is the shear modulus (respectively bulk
modulus) corresponding to the elastic spring. This equivalence is
important so that the time constants and spring constants found
from the frequency domain Prony series ﬁt into the proposed ﬁnite
deformation visco-elastic model. The proposed model is implemented in ABAQUS Explicit software by writing a user material subroutine VUMAT and a rigorous validation was done using various
experimental data. The validation of the proposed constitutive
model is necessary for a wide range of strain rates, as the polymer
inside the composite structures is subjected to different strain rates
due to heterogeneous strain distribution. Hence the accuracy of the
prediction for the damping and stiffness of the wavy composites
will depend on how good the polymer material model can capture
the UMPU2 response as a function of strain rate. The material
parameters as reported in Table 1, are subsequently used in ﬁnite
deformation constitutive update written in the form of VUMAT, to
predict the experimental response. Fig. 3, shows the comparison between the ﬁnite element prediction and experimental results on PU
sample, loaded quasi-statically (0.5%/s) at different strain levels and
unloaded subsequently. The model prediction has an excellent
agreement in terms of capturing both the loading and unloading response until 10% strain. Simulations also performed to predict the
high rate loading–unloading response. Fig. 4 shows the FE prediction and experimental data for loading and unloading at two different rates 1%/s and 10%/s respectively. It is seen that FE predictions
have excellent match with experiments for a wide range of strain
rate 0.5–10%/s to capture the uniaxial response. Further simulations
were performed to predict the storage modulus and damping tand
at different frequency. A sinusoidal strain pulse with an amplitude
of 0.1% is given as an input for a frequency range of 0.1–100 Hz to
simulate the DMA measurements. The storage modulus is measured
from the ratio between stress output and the maximum strain input
whereas the phase lag between the input (strain) and output
(stress) response is used to calculate tand. The comparison between
FE predicted DMA values and experimental data are shown in Fig. 5
and Fig. 6, which once again has a good agreement over the entire
frequency range.
2.3. Characterizing damping in the nonlinear regime
Since the polymeric material response can be nonlinear locally
even when the global input strain is low in a heterogeneous
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Fig. 8. Loss factor as a function of relative amplitude of the waviness for
tp ¼ 0:002 mm and ts ¼ 0:05 mm.

composite material, it is important to introduce the deﬁnition of
material damping in the nonlinear viscoelastic regime. When the
material behavior is linear visco-elastic, the well known concept
of phase lag can be used to characterize the material damping.
For such materials, given a sinusoidal force/stress input of amplitude r0 and frequency x the response will be a sinusoidal displacement/strain of amplitude 0 with a phase lag d in time t as
follows:

 ¼ 0 sinðtxÞ

Z

T

W s ðsÞds

ð25Þ

0

There are ﬁve terms in the dissipated energy expression in Eq.
(23) corresponds to the viscous dissipation related to the ﬁve dashpots in the model. Similarly in the stored energy expression, the 1st
term corresponds to the energy stored due to the nonlinear spring,
and the summation sign includes contribution from the linear
springs. The nonlinear material can store a different magnitude
of energy in tension (during the loading part of the sinusoid loading) than in compression cycle (the unloading part). In such cases,
one needs to take the average stored energy from the tension and
compression cycle as given in Eqn. 25. The speciﬁc damping capacity is then deﬁned as given in [13],

0.2

0

1
T

ð18Þ

Wd
W as v g

ð26Þ

Further for linear viscous materials, the speciﬁc damping capacity can be related to tan d as,

w ¼ 4p tan d

ð27Þ
w
4p

therefore the ratio of is termed the loss factor. Since the material
damping measurements are performed in DMA tests, where the
output is obtained in the linear viscoelastic regime in terms of
tan d, the computed loss factor in the present study will be presented as the damping measurements for the composites.
3. Results and discussion

and

ð19Þ

Then, the loss modulus and storage modulus are deﬁned as

E00 ¼

r0
sin d
0

ð20Þ

r0
cos d
0

ð21Þ

and

E0 ¼

respectively. The damping in the material is thereby characterized
through tan d as the ratio between loss modulus and storage modulus as:

tan d ¼

E00
E0

ð22Þ

When the material response is nonlinear a sinusoidal force input does not result in a sinusoidal output. Consequently a more
general deﬁnition for damping is needed. In the literature, such
cases are dealt with using the concept of energy dissipation [13].
Once the material constitutive information is well deﬁned, it is easier to characterize the viscous energy dissipation over a cycle under harmonic input through the area under the hysteresis loop.
This deﬁnition of the dissipated energy is valid regardless of the
linearity or nonlinearity of the material behavior. With reference
to the material model discussed above, the dissipated energy over
a cycle can be written as:

Wd ¼

n¼5 Z Z
X

v

t

i¼1

ðTVi : DV v i Þdv dt

ð23Þ

and the stored energy at any time

W s ðsÞ ¼

Z sZ
0

v

ðTN : DÞdv dt þ

s is given by

n¼5 Z s Z
X
i¼1

0

v

ðTVi : DVei Þdv dt

As mentioned earlier, two dimensional plane strain simulations
are performed by varying the different geometric features of the
RVE in Fig. 1. The macroscopic normal strain xx (see Fig. 1) is used
to drive the deformation of the entire RVE in the axial direction,
which satisﬁes the kinematic periodic boundary conditions and
equilibrium. Since our particular interest lies in characterizing
the damping behavior of the composites, a harmonic excitation is
considered with a frequency of 1 Hz with a macroscopic strain
amplitude of 0.1%. It is important to note that polymeric materials
are highly strain rate/frequency dependent. Hence, by changing the
external frequency or the strain amplitude one can achieve different mechanical responses for the above designed composites. In
the present set of simulations, the metal sheets are considered to
be of steel with an elastic modulus of 210 GPa with no damping.
The thickness of the steel is 50 lm and kept ﬁxed unless otherwise
mentioned. The material constants for UMPU2 are listed in the
Table 1.
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and the average stored energy over a cycle with time period T is given by,
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Fig. 9. Composite stiffness (axial) as a function of polymer layer thickness for
d ¼ 0:1 and ts ¼ 0:05 mm.
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factor as functions of the polymer layer thickness ðtp Þ for a ﬁxed
value of t s ¼ 50 lm. Both plots show decreasing trends as t p increases. For the elastic modulus, the decreasing trend is quite obvious due to the increase in the volume fraction of polymer in the
RVE. The polymer is the much softer material and increasing its
thickness for a ﬁxed steel sheet thickness will result in a lower
composite stiffness. The prediction of higher damping with lower
polymer layer thickness can be explained through the shear deformation mechanism. The wavy geometry of the steel sheets introduces signiﬁcant shear deformation in the thin layer of
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and bottom polymer surface in the x direction), the strain increases
signiﬁcantly as ðtp Þ decreases. Further, the dissipated energy in the
polymer layer can be expressed as:

W poly
 c2 V
d

ð28Þ

where V is volume of the polymer layer. As c  t1p and V  t p , the dissipated energy is proportional to t1p . By analogy, the stored energy in
the polymer layer is also proportional to t1p . Finally, the speciﬁc
damping capacity becomes,

w¼

W poly
Wd
1=t p
ts
¼ poly d steel 
¼
Ws Ws þ Wd
1=t p þ 1=t s tp þ t s

ð29Þ

where constant t s represents the constant steel thickness layer. Following Eq. (29), as the thickness of the polymer layer tp reduces, w
increases and eventually the loss factor also. The calculated modulus and loss factor values from the two sets of simulations are plotted in the stiffness-loss map proposed by Lakes et al. [14] as shown
in Fig. 11. It is interesting to note in Fig. 11, that both sets of results
lies well above the Wang–Lakes line [14]. Further work is underway
to establish optimum layer thicknesses, and layer waviness patterns
to maximize, both the stiffness and damping simultaneously and
the results presented in this paper are used as baseline values for
comparison purposes.
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Fig. 11. Present simulation predictions in the stiffness-loss plot.

For the ﬁrst set of simulations, the thickness of the polymer
layer is chosen to be 2 lm and the amplitude of the waviness (a)
is varied to study the effect of the wavy geometry on the mechanical response of the composite. A series of FE simulations is performed by varying the relative amplitude of the waviness ða=LÞ
within the range 0.01–0.1. The calculated elastic modulus and
the loss factor are presented as functions of the relative amplitude
variation in Figs. 7 and 8, respectively. It is observed that – when
the relative amplitude of the waviness is very small, i.e. 0.01, the
limiting case is achieved with the elastic modulus of the composite
being nearly the same 196 GPa as that of steel, and the damping is
very low at 2wp ¼ 0:02. However, as the amplitude of the waviness
increases, the modulus decreases gradually at ﬁrst and then more
rapidly, reaching 60 GPa when a ¼ 0:1. Simultaneously, the energy
dissipation increases within the polymer layer, as the waviness
increases, resulting in an increased loss factor output.
In the second set of simulations the thickness of the polymer
layer is varied and the inﬂuence of its variation on the mechanical
response of the composites is studied. For this set of simulations
the relative amplitude of the waviness is taken as a ¼ 0:1 and the
thickness of the steel sheet is chosen as t s ¼ 50 lm. Figs. 9 and
10 show the variation of the composite elastic modulus and loss

4. Conclusions
In this paper, a nonlinear time-dependent model for polymers is
used to establish a wavy, multi-layered, two material composite to
simultaneously increase both stiffness and damping. The inﬂuences of layer waviness amplitude and material layer thicknesses
are studied to understand how stiffness and damping are affected
by a change in these parameter values. Remarkably, the steellayered polymer wavy composites exhibit stiffness and damping
values that lie well above the Wang–Lakes line, which is a map that
shows the values of stiffness and damping that can be achieved by
using known materials and their composite combinations. The results presented can be used to further advance the goal of designing composite materials that can exhibit unusual combinations of
mechanical properties.
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