Journal of Biomechanics 46 (2013) 1604–1610

Contents lists available at SciVerse ScienceDirect

Journal of Biomechanics
journal homepage: www.elsevier.com/locate/jbiomech
www.JBiomech.com

Evaluation of hyperelastic models for the non-linear and non-uniform
high strain-rate mechanics of tibial cartilage
Jessica M. Deneweth a,b,n, Scott G. McLean a, Ellen M. Arruda b,c,d
a

School of Kinesiology, University of Michigan, Ann Arbor, MI 48109, USA
Department of Mechanical Engineering, University of Michigan, Ann Arbor, MI 48109, USA
c
Department of Biomedical Engineering, University of Michigan, Ann Arbor, MI 48109, USA
d
Program in Macromolecular Science & Engineering, University of Michigan, Ann Arbor, MI 48109, USA
b

art ic l e i nf o

a b s t r a c t

Article history:
Accepted 15 April 2013

Accurate modeling of the high strain-rate response of healthy human knee cartilage is critical to
investigating the mechanism(s) of knee osteoarthritis and other cartilage disorders. Osteoarthritis has
been suggested to originate from regional shifts in joint loading during walking and other high strainrate physical activities. Tibial plateau cartilage under compression rates analogous to walking exhibits a
non-linear and location-dependent mechanical response. A constitutive model of cartilage that
efﬁciently predicts the non-linear and non-uniform high strain-rate mechanics of tibial plateau cartilage
is important for computational studies of osteoarthritis development. A transversely isotropic hyperelastic statistical chain model has been developed. The model's ability to simulate the 1-strain/s
unconﬁned compression response of healthy human tibial plateau articular cartilage has been assessed,
along with two other hyperelastic statistical chain models. The transversely isotropic model exhibited a
superior ﬁt to the non-linear stress–strain response of the cartilage. Furthermore, the model maintained
its predictive capability after being reduced from four degrees of freedom to one. The remaining material
constant of the model, which represented the local collagen density of the tissue, demonstrated a
regional dependence in close agreement with physiological variations in collagen density and cartilage
modulus in human knees. The transversely isotropic eight-chain network of freely jointed chains with a
regionally-dependent material constant represents a novel and efﬁcient approach for modeling the
complex response of human tibial cartilage under high strain-rate compression. The anisotropy and
microstructural variations of the cartilage matrix dictate the model's response, rendering it directly
applicable to computational modeling of the human knee.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Deterioration of knee articular cartilage (AC) leads to severe
joint debilitation in the form of osteoarthritis (Buckwalter et al.,
2005). Identifying the mechanism(s) that causes healthy AC to
degenerate into this diseased state is of high priority. While
computational knee models enable the systematic and controlled
evaluation of potential osteoarthritis disease mechanisms (Wilson
et al., 2005), the utility of these models' results relies on the
accuracy of the modeled AC.
Articular cartilage poses a modeling challenge due to its
complex physiology and equally complex mechanical response. It
consists of a solid phase of cartilage cells (chondrocytes)
embedded within an extracellular matrix and a ﬂuid phase of
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water and soluble ions (Poole et al., 2001). The extracellular matrix
is composed mainly of cross-linked type II collagen ﬁbrils and
negatively charged proteoglycan macromolecules. The interaction
of the solid and ﬂuid phases creates a non-linear poroviscoelastic
response to compressive loading (Mow et al., 1984). Extensive
work has been done to model this behavior (Boschetti et al., 2006;
Hayes et al., 1972; Lai et al., 1991; Mak, 1986; Wilson et al., 2004).
The short-term, high strain-rate response of AC, however, depends
predominantly on the ﬂow-independent, intrinsic viscoelasticity
of the matrix (Bader and Kempson, 1994), which results from the
collagen meshwork and its entrapment of high-swelling aggrecan
macromolecules (Maroudas, 1976). The collagen network in the
superﬁcial tangential zone (STZ) is particularly important in the
tissue's response to high-rate loading (Mizrahi et al., 1986). These
data suggest that the mechanical response of knee AC to high-rate
loading (e.g., walking) (Liu et al., 2010) may be represented by
using the collagen meshwork and its anisotropy as the main input
parameters. This unique approach would afford representation of
the non-linear elastic response of AC with a low number of
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the non-uniform mechanical properties of tibial AC remains
unknown. The purpose of this study, therefore, was two-fold.
Firstly, the aim was to determine which, if any, of three popular
statistical mechanics models could successfully model unconﬁned
axial compression behavior of tibial AC, and secondly, to determine the extent to which the model that best ﬁt the data could
capture the regional mechanical properties of the tissue.
2. Methods

Fig. 1. Schematics of the two statistical chain models used to model tibial cartilage.
The application of tension, f, stretches the chain to vector length r. (A) The highly
ﬂexible freely jointed chain, composed of N rigid links of length l. (B) The semiﬂexible MacKintosh chain with contour length L and persistence length lp. Adapted
from Palmer and Boyce (2008).

material constants to facilitate implementation in a whole-joint
computational model.
The structural properties of the STZ are non-uniform across the
tibial plateau, which in turn may promote heterogeneous mechanical
properties. The regions of the plateau covered by meniscal tissue, for
example, tend to have a thicker STZ, more tangentially oriented
collagen ﬁbrils, and a higher collagen density, compared to regions
not covered by meniscal tissue (Clark, 1991; Eyre et al., 2006).
Individual collagen ﬁbrils are primarily tensile elements. Thus when
the collagen network is compressed, ﬁbrils oriented perpendicular to
the loading axis will stretch and resist the deformation, while ﬁbrils
oriented parallel to the loading axis will provide minimal load
support. Therefore, regions with large amounts of tangentially
oriented collagen ﬁbrils, such as meniscus-covered regions, are
expected to exhibit larger compressive stiffness compared to other
regions, which has been supported experimentally (Barker and
Seedhom, 2001; Shepherd and Seedhom, 1999; Young et al., 2007).
The regional variability, however, may be more complex; we recently
demonstrated that AC elastic moduli beneath the external and
posterior portions of the menisci exceeded 300% of AC not covered
by the meniscus and of AC beneath the anterior third of the menisci
(Deneweth et al., 2013). Insight into knee AC behavior and the
development of osteoarthritis, therefore, appear better served by
modeling both the non-linear and non-uniform elastic response of
the STZ.
Statistical mechanics models offer the ability to predict ﬁnite
deformations of hyperelastic materials with relatively few material
constants (Boyce and Arruda, 2000). These mechanistic models are
particularly powerful because they offer insight into the underlying physiological factors driving mechanical behaviors (Ma et al.,
2010). A material is represented as a cross-linked network of
ﬂexible molecular chains (Arruda and Boyce, 1993). The chains,
which can be analogized to “entropy springs,” produce signiﬁcant
forces when stretched but have minimal resistance to compression, much like collagen ﬁbrils. As the material is deformed, the
chains rotate and stretch to accommodate the deformation, altering the statistical entropy of the chain network and producing
network stress.
Statistical mechanics models have accurately modeled multiple
ﬁnite deformation states in elastic polymers (Boyce and Arruda,
2000; Boyce et al., 1994) and, more recently, in biological materials
(Bischoff et al., 2004; Ma et al., 2010; Palmer and Boyce, 2008).
Since the driver of knee AC short-term response, the collagen
network, can be analogized to a statistical chain network, these
models are strong candidates for modeling the short-term
response of AC (Brown et al., 2009). However, the ability of the
model to replicate the high strain-rates associated with walking or

Statistical mechanics models have two key components: the mathematical
description of the chains and the manner in which the chains are assembled to
form a network. Two chain models, the freely jointed chain (FJC) model (Kühn and
Grun, 1942) and the MacKintosh chain (MAC) model (MacKintosh et al., 1995), were
each implemented within an isotropic eight-chain network (Arruda and Boyce, 1993;
Palmer and Boyce, 2008). Additionally, the freely jointed chain was placed in a
transversely isotropic eight-chain network (Bischoff et al., 2002) to develop a third
model (TI). These three models were applied to experimental data from a series of
unconﬁned axial compression tests of healthy human proximal tibial AC (Deneweth
et al., 2013). The model that was found to best approximate the experimental data
was further examined to determine the extent to which its parameters manifested
regional dependence similar to that identiﬁed experimentally.
2.1. Freely jointed chain
The freely jointed chain is a highly ﬂexible unconstrained rotating chain
comprised of N rigid segments of length l positioned in three-dimensional space
to give an initial chain vector length r0 (Fig. 1a) (Kühn and Grun, 1942). The chain is
highly ﬂexible such that r0⪡Nl. Tension in the chain at length r is:
   
r 2
kΘ r 3− Nl
   
ð1Þ
f FJC ¼
l Nl 1− r 2
Nl

where k is Boltzmann's constant, 1.38065  10–23 J K−1, and Θ is the absolute
temperature.
2.2. MacKintosh chain
The MacKintosh chain describes a semi-ﬂexible statistical chain with signiﬁcant
bending rigidity. The length of the chain over which it appears straight, that is, its
persistence length lp, is approximately equal to its contour length L (Fig. 1b)
(MacKintosh et al., 1995). The chain exhibits an average end-to-end resting length
r0 and an average vector length under no applied tension rf ¼ 0. L, lp, and rf ¼ 0 are
related by (Palmer and Boyce, 2008):


L
r f ¼ 0 ¼ L 1−
ð2Þ
6lP
The tension developed in the chain when it is extended to an end-to-end
length r can be written as:
!

kΘ
1
L=lp −6ð1−r=LÞ
ð3Þ
f chain ¼
2
lp 4ð1−r=LÞ
L=lp −2ð1−r=LÞ

2.3. Isotropic eight-chain network (FJC and MAC)
The isotropic eight-chain network treats a unit cell of material as a cube with
sides aligned along the principal axes of stretch (Fig. 2) (Arruda and Boyce, 1993).
Eight chains originate from the center of the cube and extend to each corner.
Incorporating Eq. (1) into the isotropic eight-chain network yields the strain
energy, UFJC, for the FJC model:
U FJC ¼ nkΘN

λchain
βchain
pﬃﬃﬃﬃ βchain þ ln
sinhβchain
N

ð4Þ

pﬃﬃﬃ
where n is the chain density, λchain ¼ ðλ1 2 þ λ2 2 þ λ3 2 Þ1=2 = 3, λi is the principal
−1
stretchpin
ﬃﬃﬃﬃ the ith direction (i¼1, 2, 3), and βchain is the inverse Langevin (ℒ ) of
λchain = N (Arruda and Boyce, 1993).
Cartilage behaves as a nearly incompressible material under high strain-rates
(Wong et al., 2000) and is frequently modeled as incompressible (Ateshian et al.,
2007; Brown et al., 2009; Mow et al., 1980). For unconﬁned compression of an
incompressible material, employing the Padé approximation of the inverse Langevin (Cohen, 1991), the nominal stress in the axial direction becomes (Arruda and
Boyce, 1993):
pﬃﬃﬃﬃ


nkθ N
λchain
ﬃﬃﬃﬃ ðλ−1=λ2 Þ
T o1FJC ¼
ℒ−1 p
ð5Þ
3 λchain
N
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Fig. 2. Eight-chain isotropic network model (a) undeformed, (b) in unconﬁned compression, and (c) in uniaxial tension. The chains rotate and stretch to accommodate each
deformation state. Adapted from Arruda and Boyce (1993).

Table 1
Demographic data for knee specimens.
Specimen

Side

Age (years)

BMI (kg/m2)

Cause of death

1
2
3
4
5
6
7

Left
Right
Right
Left
Left
Right
Right

52
44
51
52
54
49
51

19
18
19
20
14
14
16

Cancer, appendix
Neuroﬁbrosarcoma
Cancer, lung
Cancer, unspeciﬁed
Cancer, small bowel
Cancer, breast
Cancer, lung

freely jointed chains, UOrtho, is (Bischoff et al., 2002):
U Ortho ¼ U 0 þ
þ

Fig. 3. Schematic of the eight-chain orthotropic network model. The unequal
dimensions a, b, and c produce an anisotropic deformation response that is stiffest
in the direction of the largest dimension. Adapted from Bischoff et al. (2002).
1=2

where λ is the applied axial stretch and λchain ¼ ðλ2 þ 2=λÞ=3
. The stress
response depends on two material constants: CR ¼nkθ, an independent parameter
that reﬂects the chain density per unit volume of the material, and N, a second
independent parameter that is related to the chain contour length.
Similarly, the MAC strain energy is deﬁned as (Palmer and Boyce, 2008):
U MAC ¼ nkΘ

y ¼ 1−

L
þ lnðyÞ−lnðL−2lp yÞ
4lp y

ð6Þ

r
r 0 λchain
¼ 1−
L
L

ð7Þ

where n, k, Θ and λchain are deﬁned identically to the FJC model. Assuming r0 ¼rf ¼ 0,
the axial nominal stress is:
To1 MAC ¼

"
nkΘ r f ¼ 0
3lp λchain 4ð1−r f

#

1
¼ 0 λchain =LÞ

2

L=lp −6ð1−r f
L=lp −2ð1−r f

¼ 0 λchain =LÞ
¼ 0 λchain =LÞ


ðλ−1=λ2 Þ

ð8Þ

Since rf ¼ 0 is a function of lp and L (Eq. (2)), the response depends on only three
material constants: CR ¼ nkθ, lp, and L.

"
#
!
h 2 2 2i
4
βðiÞ
nkΘ
ρðiÞ ðiÞ
β
ρ
N ∑
βρ þ ln
− pPﬃﬃﬃﬃ ln λaa λbb λcc
ðiÞ
4
N
sinh βρ
N
i¼1


B 
cosh½αðJ−1Þ−1
α2

ð9Þ

−1 ðiÞ
βðiÞ
and βP ¼ ℒ−1 ðP=NÞ, where
wherepﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U0 is a constant;
ρ ¼ ℒ ðρ =NÞ
pﬃﬃﬃﬃ
2
P ¼ 12 a2 þ b þ c2 ¼ N is the undeformed chain length and ρðiÞ is the deformed
length of the ith chain; λa−c are the stretches along the principal material axes; J is
the ratio of the deformed volume to the original volume, B controls the bulk
compressibility near J¼ 1; and α is a constant that governs the curvature of the
hydrostatic pressure versus volume curve for large volume changes.
The orthotropic model was simpliﬁed to one that more closely represented the
physiology of the STZ, which dictates the short-term mechanical response (Mizrahi
et al., 1986). The alignment of STZ collagen ﬁbers primarily parallel to the AC
surface (Bullough and Goodfellow, 1968) suggested that the STZ exhibits transverse
isotropy (Askew and Mow, 1978). The orthotropic conﬁguration was simpliﬁed to a
transversely isotropic model by setting the in-plane dimensions b and c equal to
one another and assuming that the stretches in these two principal directions are
equal (i.e., λb ¼λc ¼ λ2). Small volume changes (α≅1) were assumed to agree with the
near incompressibility of the tissue (Wong et al., 2000). Therefore, for unconﬁned
compression of the nearly incompressible transversely isotropic freely jointed
eight-chain (TI) model, the nominal axial stress is:

#
"
#!
2
λ21 βρ βP
β
2 λ2 β ρ
− pﬃﬃﬃﬃ − b
− pPﬃﬃﬃﬃ
ð10Þ
ρ
ρ
N
N
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
where ρ ¼ 12 a2 λ1 2 þ 2b λ2 2 ; P ¼ N ¼ 12 a2 þ 2b ; and λ2 ¼ J=λ1 . Four material constants are required: C R ¼ nkθ; a, the unit cell dimension along the direction
of compression (1-direction); b, the unit cell dimension perpendicular to the
direction of compression (2-directions); and J.
T 01 TI ¼

nkθ
4λ1

"

a2

2.5. Experimental data
2.4. Freely jointed chain - transversely isotropic eight-chain formulation (TI)
An orthotropic eight-chain network was developed to simulate the anisotropic
nonlinear behavior of soft tissue (Bischoff et al., 2002). The model incorporates
orthotropic anisotropy into the traditional eight-chain framework by replacing the
cubic unit cell with a rectangular prism of unequal, unitless sides a, b and c (Fig. 3).
The material will exhibit the highest tensile modulus in the direction of the largest
dimension. The total strain energy of the orthotropic eight-chain conﬁguration of

To examine the effectiveness of the FJC, MAC, and TI formulations for modeling
high strain-rate tibial AC behavior, experimental data were obtained from a
separate study (Deneweth et al., 2013) in which non-osteoarthritic full-thickness
AC samples were compressed at 1 strain/s from 0% to 20% nominal strain to
replicate deformation during walking (Liu et al., 2010). Samples were extracted
from 21 tibial plateau locations on each of eight female Caucasian knees [mean
(standard deviation) age: 50 (3) years, and BMI: 17 (2) kg/m2, Table 1]. The axial
nominal stress–strain curves were used in the present study.
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2.6. Determination of best ﬁtting model

3. Results

The three models were implemented in Matlab (Mathworks, Natick, MA). The
unknown material constants were determined for each model using a built-in
numerical nonlinear optimization scheme to minimize the squared difference
between the model-predicted stress and the observed experimental stress
(Coleman and Li, 1996). The unknown parameters were CR and N for the FJC
model; CR, lp, and L for MAC; and CR, a, b, and J for TI. All parameters were
constrained to be nonnegative as they represented lengths, moduli, or a volume
ratio. Additional constraints to the TI model were 0.05≤a:b≤20 with a,b≥1 to agree
with experimentally determined anisotropy (Jurvelin et al., 2003; Wang et al.,
2003; Woo et al., 1976) and J≤1 (Chegini and Ferguson, 2010; Korhonen et al.,
2002).
To determine the most successful model, the ﬁnal experimental trial for each
sample was submitted to the three model optimization schemes. Goodness of ﬁt
was calculated as:

3.1. Determination of best ﬁtting model

R2 ¼ 1−

∑i ðsexpi −spredi Þ2

1607

CR demonstrated the highest variability of the parameters
across all simulations, while the values of the other parameters
remained relatively constant (Table 2). The MAC conﬁguration
performed poorly (R2 ¼0.900, Table 1, Fig. 5). FJC and TI, in
contrast, provided excellent model ﬁts across the entire data set
(R2 ¼0.995 and 0.999, respectively) (Table 2, Fig. 5). FJC and TI ﬁt
the small subset of linear stress–strain responses equally well
(Fig. 5A). However, TI was superior in ﬁtting the non-linear stress–
strain curves of the majority (Fig. 5B). It was concluded that the TI
model best captured the tibial AC stress–strain response, and it
was used for subsequent analyses.

∑i ðsexpi −spred Þ2

3.2. Analysis of regional dependence
where sexpi is the experimental stress corresponding to the ith strain data point,
spredi is the ith predicted stress, and spred is the mean predicted stress.

2.7. Analysis of regional dependence
The formulation with the highest mean R2 was used to evaluate whether it
could predict location-speciﬁc dependence via the parameter CR. The model was
modiﬁed such that all parameters except CR were assumed constant across the
tibial surface. This adjustment was made to isolate the effect of CR and to evaluate
the viability of the simplest version of the model. The values of the ﬁxed model
parameters were determined from the results of the ﬁrst set of simulations. The
modiﬁed model was simulated against all available data trials using the same nonlinear optimization scheme described above and evaluated via R2.
Regional heterogeneity of CR was evaluated by dividing the medial and lateral
tibial plateaus into four regions: not covered by meniscus (I), and the anterior (II),
exterior (III) and posterior (IV) thirds of the meniscus-covered area (Deneweth
et al., 2013) (Fig. 4). The mean regional values of each parameter were submitted to
a repeated-measures mixed model analysis of variance (ANOVA) to test for the
effects of plateau side (medial or lateral, n¼ 2), region (n¼ 4), and the interaction of
side  region (n¼ 8) in SAS 8.0 (SAS Institute Inc., Cary, NC). Bonferroni-adjusted
pairwise comparisons were made for all main effects. The effect size of each
pairwise comparison was evaluated using Cohen's d (Cohen, 1988) to assess clinical
relevance:
dAB ¼

X B −X A
sP

where dAB is the effect size between Regions A and B for the parameter of interest,
X J is the mean value of the parameter for Region J, and sp is the pooled standard
deviation of Regions A and B:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2A ðnA −1Þ þ s2B ðnB −1Þ
sP ¼
nA þ nB
The values of 0.2, 0.5, and 0.8 denote the cut-off levels of d for small, moderate,
and strong effect sizes, respectively (Cohen, 1988). Only simulations with R2≥0.97
were included in the statistical analyses. Signiﬁcance for all statistical measures
was denoted by an alpha level of 0.05.

Fig. 4. For regional analysis, the tibial plateau was divided into the medial (M) and
lateral (L) compartments. Each compartment was divided into four regions: I—not
covered by meniscus and II–IV–– anterior, exterior, and posterior one-thirds of the
meniscus-covered area, respectively.

The TI model was modiﬁed such that a and b were ﬁxed at
representative values of 1.00 and 1.33, respectively, based on the
low variation in a and b in the ﬁrst set of simulations (Table 2).
Additionally, AC was assumed to be incompressible such that
J¼ 1.00. Implementing the TI model with a ¼1.00, b ¼1.33, and
J¼ 1.00 produced a good ﬁt to the data (R2 ¼0.983, Fig. 5). Twelve
percent of the simulations were excluded for R2 o0.970. The mean
values of CR for the remaining simulations are reported in Table 3.
A signiﬁcant main effect on CR was found for Region (F(3,17) ¼
11.16, po 0.001, Fig. 6). A pairwise comparison of mean CR by
Region revealed signiﬁcant differences (po 0.05) between Regions
I and III, I and IV, II and III, and II and IV (Fig. 6, Table 4). The
relative pattern of variability across regions was similar across
subjects (Fig. 7). The mean difference of CR between each pair of
regions exhibited moderate to strong effect sizes except for I–II
and III–IV on the lateral plateau and III–IV on the medial plateau
(Table 4).
No signiﬁcant main effect of Side was determined (F(1,6)¼ 3.12,
p¼ 0.13), which indicated that mean CR was statistically the same
between the medial and lateral plateaus (Fig. 6). The small effect
size between the medial and lateral plateaus (d ¼0.32) conﬁrmed
this ﬁnding. No statistically signiﬁcant interaction of Region and
Side was determined (F(3,14) ¼ 0.55, p ¼0.65).

4. Discussion
Three common statistical chain network models were evaluated to determine whether these formulations could represent the
non-linear, non-uniform elastic response of healthy human tibial
AC to a compression rate consistent with walking. Successful use
of computational models to investigate the underlying mechanisms of osteoarthritis development can be enhanced by a constitutive model that reﬂects physiologically relevant human AC
behavior with a minimal number of physically-meaningful material constants (Keenan et al., in press). The results of this study
suggested the transversely isotropic eight-chain network with
freely jointed chains (TI) appears to be such a model.
The TI model successfully simulated a wide range of tibial plateau
AC responses (Deneweth et al., 2013). Moreover, its material constants (CR, a, b, and J) and inherent anisotropy accurately represented
AC physiology, which provides insight into the relationship between
physiology and mechanics. Physiologically, CR represents collagen
density and mechanically dictates the initial slope of the stress–strain
response and inﬂuences its tangent modulus. CR may also reﬂect the
integrity of the collagen matrix, with decreased values indicating a
reduced amount of intact collagen ﬁbrils. The large variability of CR
agrees well with the non-uniformity of STZ collagen density and AC
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Table 2
Mean and standard deviation (SD) of parameter values and goodness of ﬁt (R2) for FJC, MAC, and TI models. The parameter CR varied substantially for all three models, as
indicated by its large SD in each case, while the remaining parameters displayed minimal variance. The TI model produced the best ﬁt to the data based on its high R2.
FJC

Mean
SD
a
b

MAC

TI

CR a

N

R2

CRa

lpb

Lb

R2

CR a

a

b

J

R2

113.34
106.94

1.048
0.014

0.995
0.003

3017.08
3006.73

4.76
1.28

2.215
0.547

0.900
0.124

207.88
168.66

1.010
0.055

1.315
0.057

0.978
0.046

0.999
0.001

In kilopascals (kPa).
In millimeters.

Fig. 5. Representative simulation results for the FJC, MAC, TI, and modiﬁed TI models for (A) nearly linear and (B) non-linear stress–strain responses. In Case A, the FJC and TI
lines fall approximately on top of one another. In Case B, TI supplies a superior ﬁt to FJC, particularly in the low-strain regime. The MAC model poorly ﬁts the data in both
situations.

Table 3
Mean CR (kPa) for the TI model with a¼ 1, b¼ 1.33, and J¼ 1 by knee (Si, i¼ 1, 2,…, 7) and region (I-IV). Blank cells reﬂect missing data due to a lack of experimental data or a
low R2 of the simulation.
Lateral plateau

S1
S2
S3
S4
S5
S6
S7

Medial plateau

Both plateaus

I

II

III

IV

I

II

III

IV

I

II

III

IV

145.08

47.88
48.30
138.49
272.34
199.84
53.33
86.47

211.24
162.51
266.48
341.18
519.00
171.14
226.63

446.68
157.21
336.25
579.15
139.76
67.75
254.27

52.55
76.31
106.18

82.29
215.62
556.00
84.38
176.47

208.16
276.27
406.23
301.26
445.13
275.49
512.32

395.81
272.24
333.28
605.14
548.00
400.89
272.96

89.57
76.31
129.91

65.08
131.96
277.66
178.3
188.16
53.33
86.47

209.70
219.39
336.35
327.87
482.07
223.31
369.47

412.77
233.90
334.77
594.75
411.92
178.80
265.48

141.77
122.73
55.62
96.56

249.35
74.02
87.32

Fig. 6. Mean CR of the modiﬁed TI simulations for the four regions (I–IV) and the
lateral (L) and medial (M) plateaus. Bars represent 1 standard deviation. Asterisks
(n) denote statistically signiﬁcant differences (p o 0.05). Statistically signiﬁcant
differences were determined between regions but not between the medial and
lateral plateaus.

195.06
67.89
92.86

mechanical properties across the tibial plateau (Clark, 1991; Young
et al., 2007). The central regions of the joint, which tend to
experience compressive loading (Andriacchi et al., 2009; Bevill
et al., 2008) and have a lower collagen density (Clark, 1991), also
demonstrated lower mean CR. In contrast, the posterior and lateral
peripheral regions, which more frequently undergo shear loading
(Andriacchi et al., 2009; Bevill et al., 2008) and have a higher collagen
density (Clark, 1991), exhibited higher mean CR. This suggests CR as a
useful parameter for incorporating regionally dependent mechanics
(Deneweth et al., 2013).
The ratio a:b represents the degree of transverse isotropy in the
tissue. The more the STZ collagen molecules align parallel to the
surface, the greater the expected anisotropy. Meniscus-covered
regions tend toward a higher density of parallel-aligned collagen
compared to the meniscus-uncovered regions (Clark, 1991). In the
present study, however, a:b remained relatively consistent across
the tibial plateau. Considering the larger variability of CR, this
ﬁnding may indicate that collagen density rather than alignment
contributes more to the unconﬁned compression response of the
tissue. On average b4a, which is expected if the in-plane tensile
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Table 4
Inter-region statistics for CR (kPa) of the modiﬁed TI model with a ¼1, b¼ 1.33, and J ¼1.
Regions

Lateral plateau

Medial plateau

A

B

pa

Mean B−Ab

95% CIc

Cohen's d

Effect size

Mean B−Ab

95% CIc

Cohen's d

Effect size

I
I
I
II
II
III

II
III
IV
III
IV
IV

1.000
0.004
o 0.001
0.038
0.008
1.00

8.82
159.04
176.09
155.22
167.27
−17.06

(−48.92, 66.56)
(38.73, 279.34)
(68.29, 283.89)
(20.59, 279.85)
(47.77, 286.78)
(−194.12, 160.01)

0.12
1.01
1.38
0.90
1.20
0.08

Small
Strong
Strong
Strong
Strong
Weak

76.83
240.76
305.21
163.93
228.38
64.45

(−13.18, 166.84)
(141.36, 340.17)
(199.09, 411.34)
(7.38, 320.49)
(61.76, 395.00)
(−95.23, 224.13)

0.70
1.74
2.02
0.95
1.22
0.32

Moderate
Strong
Strong
Strong
Strong
Small

a
Bonferroni-corrected p-value for the pairwise comparison of mean CR between Regions A and B. Both plateaus have been averaged for the comparison due to the lack of
a statistically signiﬁcant difference between them. p o 0.05 denotes signiﬁcance.
b
Mean difference in CR between Regions A and B.
c
95% conﬁdence interval on the mean difference in CR between Regions A and B.

hyperelastic materials. These routines typically require the model's
strain energy, its derivatives, and parameter values. The TI strain
energy is given in Eq. (9), with b¼c, λb ¼λc, and α¼1. To model the
heterogeneity in human cartilage, CR (i.e., nkθ) must be deﬁned as
a function of position across the cartilage surface, while J, a, and b
can be assigned the values used in the second part of this study. An
appropriate scenario for using the TI model is a material with
known transverse anisotropy and a mechanical response that is
largely dominated by non-linear, recoverable deformation.
The current study validated the models of interest with
unconﬁned compression data. Future work must be done to
determine whether the TI model can represent AC across the
spectrum of potential deformation states. Additionally, the experimental data was taken from middle-aged Caucasian females,
which prevents extrapolation to other populations.

Fig. 7. Mean regional CR of the modiﬁed TI simulations for each knee (Si, i¼ 1, 2,…,
7). No data are available for Region I of S4 because the R2 value for this region fell
below the pre-deﬁned cut-off level of 0.97. Region values have been averaged
across sides due to the lack of a statistically signiﬁcant difference between the
medial and lateral plateaus. The relative pattern of regional differences manifests
similarly across the seven knees.
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stiffness was greater than axial tensile stiffness. Lastly, J indicates
the compressibility of the tissue. J remained nearly constant at
0.978, which agreed with expectations (Wong et al., 2000).
The TI model was successfully simpliﬁed to an incompressible
model with a single material constant without compromising its
ability to replicate tibial plateau AC mechanics. The material
constant that remained, CR, varied regionally in accordance with
experimental ﬁndings (Deneweth et al., 2013). This suggested that
regional mechanical dependence of the TI model can be established
by representing the meniscus-uncovered, anterior meniscus-covered, and exterior-posterior meniscus-covered regions with separate CR values while holding a,b, and J ﬁxed. This represents a
unique and powerful approach to modeling human cartilage: the
constitutive relation is driven by the anisotropy and physiological
variations (i.e., collagen density) of the superﬁcial zone of the
cartilage matrix, which makes the model highly applicable to the
human knee joint. Since a regional shift in the joint loading pattern
has been suggested to initiate knee osteoarthritis (Andriacchi et al.,
2009), a tibial AC constitutive model that successfully captures
regional stiffness variations could offer unique insight into the
mechanisms of disease development over current models. Further,
its ability to capture AC non-linearity with a single material
constant is desirable for use in whole-joint computational models.
The TI model can be readily implemented into one of the many
commercial ﬁnite element packages that permit user-deﬁned
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