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a b s t r a c t

Knee articular cartilage exhibits complex mechanical behavior, even under high strain rates, which poses
a challenge to developing accurate and efficient cartilage models. In particular, the tissue's stress–strain
response is non-linear and the stiffness of the response is location-dependent. Hyperelastic models such
as those of Alan Gent and others have increasingly found use in soft tissue biomechanics. Recently, a
hyperelastic statistical chain network model representing the transverse isotropy of the collagen matrix
in the superficial tangential zone has been developed. The model successfully simulated the 100% strain/
s unconfined compression response of human proximal tibial cartilage. Moreover, spatial variations in
the tangent modulus to the nominal stress–strain curve taken at 10% strain were reflected in the
variability of a single parameter of the model. Given the success of the model, we desired to determine
whether these outcomes are equally applicable to healthy human distal femoral cartilage so that a
complete model of tibiofemoral joint cartilage can be developed. The transversely isotropic model was
employed along with two other hyperelastic chain network models to determine which model best
simulated unconfined compression data for healthy distal femoral cartilage. The transversely isotropic
model fit the data excellently (R2¼0.999). The model was subsequently simplified to depend on a single
parameter and reapplied to the dataset. The modified model maintained an excellent fit to the data
(R2¼0.999), and its single parameter varied in a statistically similar regional pattern (po0.05) to the
experimentally-obtained elastic modulus of the tissue. Outcomes suggest that this model is suitable for
modeling the spatially-varying, non-linear mechanics of healthy human distal femoral cartilage.
Implementation of this constitutive relation within computational models of the knee will provide
novel insight into the relationship between joint mechanics, cartilage loading, and knee osteoarthritis
development.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Knee osteoarthritis (OA)1 afflicts 14% of the US population over
the age of 26 and 37% of the population over age 60, yet it remains
a poorly understood disease [1]. Computational knee models
afford a powerful research tool for investigating how the disease
initiates and progresses [2–4]. Computational studies in which
joint kinematics and kinetics are systematically varied and the
effect on cartilage stress is determined can indicate which loading

patterns are most likely to initiate and/or promote OA. However,
the effectiveness of these models depends on the accuracy of the
constitutive relations describing the many structures making up
the knee. In the case of OA, in which the articular cartilage (AC)2 is
heavily affected, the AC material model is particularly important
[5].

Selection of a material model requires balancing multiple
criteria, such as correct mechanical response for loading condi-
tions of interest, use of parameters with physical meaning that
reveal insights into underlying mechanisms, and computational
efficiency, e.g, short running time and minimal number of
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parameters [6,7]. For the study of OA, appropriate loading condi-
tions are those associated with walking and other activities of
daily living [8,9]. During level-ground walking knee cartilage
undergoes compressive strains at a relatively high strain rate of
1 strain/s and peak strains near 20% [10,11], which can be
challenging deformation parameters for popular AC models, e.g.,
the linear biphasic model and its derivatives [6,12,13].

The interaction of the three primary constituents of AC—collagen
fibrils, large proteoglycan aggregates, and water containing mobile
ions—gives rise to the tissue's mechanical response [14,15]. At equili-
brium, the negatively-charged proteoglycans create a swelling pres-
sure in the tissue, which is counteracted by tensile forces in the
collagen network [16,17]. When compressed, fluid stress rises causing
fluid to flow out of the tissue until equilibrium is re-established
[18,19]. Fluid flow is resisted by electrostatic interactions with the
proteoglycans and the physical impediments of the collagen matrix,
producing a complex viscous response [18,20]. However, for the very
short loading times that characterize typical human activity negligible
fluid flow occurs. In this case, the tissue deforms nearly isochorically,
with the amount of deformation governed by the mechanics of the
collagen matrix [13,21–23]. Thus, the high strain-rate loading response
of healthy AC may be successfully modeled by focusing on the short-
term elasticity of the collagen network, without incorporating viscous
effects or the contribution of proteoglycans.

The collagen network is characterized by non-linear elasticity
[24], suggesting that a non-linear elastic model, such as a hyper-
elastic statistical chain network model, could be used to model the
high strain-rate loading response of AC. Current linear elastic
model are limited in their ability to fully represent the collagen
network [19,25]. In contrast, hyperelastic statistical chain network
models have successfully modeled high strain-rate, finite defor-
mations of biological tissues containing collagen, such as aortic
valve, skin, myocardium, tendon, and ligament [26–29]. The
physical structure of these models is analogous to the collagen
network that forms the backbone of the cartilage matrix [30,31].
These models require a small number of physically-meaningful
parameters, enabling them to be executed in short computational
times [26,32–34]. Taken together, these findings indicate that a
statistical chain network model would be a viable model for high-
strain rate loading of human knee cartilage. Other similar
approaches to non-linear elasticity requiring a limited number of
parameters to capture the full three-dimensional response of soft
tissues are also becoming increasingly popular in soft tissue
biomechanics. Although there are several notable models in this
group, it behooves us to mention Alan Gent's elegant 1996 model
[35].

Recently, it was determined that a transversely isotropic eight-
chain network with freely jointed chains could simulate the
1 strain/s uniaxial compression response of healthy human tibial
plateau cartilage with high accuracy (R2¼0.999) [32]. The trans-
verse isotropy of the model reflects the anisotropy of the super-
ficial tangential zone (STZ)3 of cartilage [31,36], which is the zone
that most influences the mechanical response of the AC matrix
[21]. High accuracy was maintained when the model was reduced
to dependence on a single parameter that related to the volume
density of the solid collagen matrix. Furthermore, experimentally-
determined regional variations in the tissue's linear elastic mod-
ulus at 10% strain were captured by this single parameter. Conse-
quently this material model would be highly useful for evaluating
the role of regional loading patterns on the development of OA
[9,37,38]. It is plausible that a similar model would be equally
effective at modeling the femoral cartilage of the knee.

With the above facts in mind, we currently aimed to evaluate
three statistical chain-network models, including the transversely
isotropic eight-chain network of freely-jointed chains, against
healthy human distal femoral cartilage. The goal was to provide
a complete material model for healthy human tibiofemoral joint
cartilage that can be readily implemented into whole-knee com-
putational modeling schemes. The first aim of the study was to
determine which of three statistical chain network models could
successfully model the uniaxial compression response of distal
femoral AC. We hypothesized that the transversely-isotropic eight-
chain network model, which was successful in representing
regional tibial cartilage behaviors, would be the most successful
of the three models. The second aim was to determine whether
the model that best fit the data could represent the regional
mechanical properties of the femoral AC via a single parameter.
We hypothesized that variations in CR, the parameter that reflects
the chain density of the material, would match documented
regional variations in the elastic tangent modulus at 10% nominal
strain of the AC.

2. Methods

2.1. Material models

Three material models were evaluated for this study: the eight-
chain isotropic network with freely-jointed chains (FJC)4 [39], the
eight-chain isotropic network with MacKintosh chains (MAC)5

[33,40], and the eight-chain transversely isotropic network with
freely-jointed chains (TI)6 [32]. Each model can be described by
(1) the constitutive relation used to model a single chain molecule,
i.e., a single collagen fibril, and (2) the manner in which the chains
are assembled together to the material network, i.e., the cartilage
solid matrix. The following sections briefly describe two chain
models (the freely-jointed chain and the MacKintosh chain), two
network models (the eight-chain isotropic network and the eight-
chain transversely isotropic network), how they were combined
into the three chain-network models (FJC, MAC, TI) of interest, and
how those models were implemented for the case of uniaxial
compression.

2.1.1. Mechanical response of single collagen fibril
The freely-jointed chain [41] and the MacKintosh chain [40]

represent two common chain models. These chains are suitable for
the large, non-linear deformations that typically occur in biologi-
cal tissues. The chains are considered entropy springs: each chain
seeks the conformation that results in maximal entropy. Elongat-
ing the chain decreases its entropy and increases its strain energy.
The freely-jointed chain can be modeled as N rigid links of length l
(Fig. 1a). One end of the chain is fixed at the origin and the other
end occupies a volume dv at a location r with probability p(r):

ln pðrÞ ¼ p0�N
r
Nl
βrþ ln

βr

sinh βr

� �
ð1Þ

where p0 is a constant, r¼ |r|, βr ¼ℒ�1ðr=NlÞ, and ℒðxÞ ¼
coth x�1=x is the Langevin function. The inverse Langevin is
commonly computed from the Padé approximation [42]:

ℒ�1ðxÞ ¼ x
ð3�x2Þ
ð1�x2ÞþOðx6Þ ð2Þ

3 STZ: superficial tangential zone.

4 FJC: isotropic eight-chain network with freely-jointed chains.
5 MAC: isotropic eight-chain network with MacKintosh chains.
6 TI: transversely-isotropic eight-chain network with freely-jointed chains.
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Elongating the freely-jointed chain to vector length r requires a
tensile force, fchain [39]:

f chain ¼
kΘ
l
βr ð3Þ

where the Padé approximation has been used to simplify the
inverse Langevin, k is Boltzmann's constant, 1.38065�10�23 J K�1,
andΘ is the absolute temperature. Please refer to Arruda [39] for a
complete derivation. In the freely-jointed chain the position of one
link relative to the previous link is uncorrelated, i.e., all link angles
have equal probability. Consequently the chain is highly flexible
and its resting end-to-end length r0 is much less than its contour
length L¼Nl (Fig. 1a). The chain force remains low for small strains
and then rapidly increases as the strain approaches the locking
stretch,

ffiffiffiffi
N

p
.

The MacKintosh model, in contrast, enforces a smooth, con-
tinuous curvature to the chain (Fig. 1b). Therefore, the chain is
semiflexible and its initial length, r0, is on the same order of
magnitude as its maximum length, L. To enforce the curvature
constraint, the model incorporates an additional parameter to
those of the freely-jointed chain, the persistence length (lP), which
controls the chain's bending rigidity. As lP increases, the molecule
becomes less flexible and r0 approaches L. The average length of
the MacKintosh chain under no applied tension, rf¼0, can be

related to L and lP via [33]:

rf ¼ 0 ¼ L 1� L
6lP

� �
ð4Þ

Extending the chain to vector length r requires a tensile force,
fchain:

f chain ¼
kΘ
lp

1
4ð1�ðr=LÞÞ2

 !
ðL=lpÞ�6ð1�ðr=LÞÞ
ðL=lpÞ�2ð1�ðr=LÞÞ

� �
ð5Þ

where all constants are as defined previously. For a complete
derivation, please refer to Palmer [33].

2.1.2. Mechanical response of the network
The eight-chain network [39] has been previously implemen-

ted with freely-jointed chains and with MacKintosh chains to
model various biological materials, including skin, cardiac wall,
breast, actin filament network, ligament, and cartilage
[27,29,33,43–45]. In its isotropic form, the model can be visualized
as a unit cube with eight chains emanating from the center of the
cube and extending to each corner (Fig. 2). The chains stretch and
rotate as the cube is deformed. If the principal directions of
deformation remain constant throughout the deformation, the
sides of the cube will maintain alignment with the principal
stretch directions.

For the case of freely-jointed chains, Eq. (3) is incorporated into
the isotropic eight-chain network to obtain the strain energy, UFJC,
for the FJC model:

UFJC ¼ nkΘN
λchainffiffiffiffi

N
p βchainþ ln

βchain

sinh βchain

� �
ð6Þ

where n is the chain density, λchain ¼ ðλ21þλ22þλ23Þ1=2=
ffiffiffi
3

p
, λi is the

principal stretch in the ith direction (i¼1, 2, 3), and
βchain ¼ℒ�1ðλchain=

ffiffiffiffi
N

p
Þ [39].

For uniaxial compression, the nominal stress in the axial
direction becomes [39]

To1FJC ¼
nkθ
3

ffiffiffiffi
N

p

λchain
ℒ�1 λchainffiffiffiffi

N
p

� �
ðλ�ð1=λ2ÞÞ ð7Þ

where λ is the applied axial stretch and λchain¼[(λ2þ2/λ)/3]1/2.
The model assumes incompressibility of the material, which is
acceptable for healthy AC subjected to high strain rates because
relative motion of the fluid with respect to the solid and fluid
exudation are negligible [45–48]. Two material constants dictate
the stress response: CR¼nkθ, which reflects the chain density of
the material and influences the initial modulus of linear elasticity

Fig. 1. Schematics of the (a) freely-jointed chain and (b) MacKintosh chain. The
highly-flexible freely-jointed chain is composed of N rigid segments of length l. In
contrast, the MacKintosh chain is constrained to have a smooth curvature as
determined by the persistence length, lp, and is less flexible than the freely-jointed
chain. Both chains have a contour length, L. Adapted from Deneweth [32].

Fig. 2. The isotropic eight-chain network in its reference configuration (left) and deformed in uniaxial compression (right). The statistical chains rotate and stretch with
applied deformations.
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(i.e., the slope of the stress–strain curve as the strain approaches
zero), and N, which dictates the locking stretch of the network.

Likewise, implementation of MacKintosh chains into the iso-
tropic eight-chain network yields the strain energy for the MAC
model [33]:

UMac ¼ nkΘ
L

4lpy
þ lnðyÞ� lnðL�2lpyÞ

� �
ð8Þ

y¼ 1� r
L
¼ 1�r0λchain

L
ð9Þ

where n, k, Θ, and λchain are defined identically to the FJC model.
Assuming r0¼rf¼0, the axial nominal stress is

To1MAC ¼
nkΘ
3lp

rf ¼ 0

λchain
1

4ð1�ðrf ¼ 0λchain=LÞÞ2

" #

� ðL=lpÞ�6ð1�ðrf ¼ 0λchain=LÞÞ
ðL=lpÞ�2ð1�ðrf ¼ 0λchain=LÞÞ

" #
ðλ�1=λ2Þ ð10Þ

Since rf¼0 is a function of lp and L (Eq. (2)), the response
depends on only three material constants: CR¼nkθ, lp, and L.

Transversely isotropic [28,32] and orthotropic [26,49] eight-
chain networks have recently been introduced. A transversely
isotropic eight-chain network with freely-jointed chains has been
shown to better simulate the uniaxial compression response in
human tibial plateau cartilage than isotropic eight-chain network
models [32]. This transversely isotropic model was a modification
of the orthotropic eight-chain model of Bischoff [26] and will be
used in the current study. The transversely isotropic case is
derived by modifying the structure of the isotropic eight-chain
model from a cube to a rectangular prism (Fig. 3). The side aligned
with the principal compression axis has dimension a, which has
been normalized by dividing by l. The remaining two sides, which
lie in the plane perpendicular to the compression axis, have
normalized dimension b. The ratio b:a indicates the degree of
anisotropy of the tissue, with b:a¼1 occuring for the isotropic
case. The direction corresponding to the largest dimension will
also exhibit the highest tensile modulus [26,49]. Additionally,
incompressibility is not assumed but a bulk compressibility term
is included to maintain near-incompressibility. The total strain
energy of the transversely isotropic eight-chain configuration of
freely jointed chains (TI) is given as [26,32]

UTI ¼U0þ
nkΘ
4

N ∑
4

i ¼ 1

ρðiÞ

N
βðiÞ
ρ þ ln

βðiÞ
ρ

sinh βðiÞ
ρ

2
4

3
5

0
@

� βPffiffiffiffi
N

p ln ½λa2a λ2b
2

b �
�
þ B
α2 cosh ½αðJ�1Þ��1
� � ð11Þ

where U0 is a constant; βðiÞ
ρ ¼ℒ�1ðρðiÞ=NÞ; βP ¼ℒ�1ðP=NÞ; P ¼

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þ2b2

p
¼

ffiffiffiffi
N

p
is the undeformed chain length; ρ(i) is the

deformed length of the ith chain; λa and λb are the stretches

along the axis of compression and the two axes perpendicular to
the axis of compression, respectively; J¼λ1λ2λ3 is the ratio of the
deformed volume to the original volume; B controls the bulk
compressibility near J¼1; and α is a constant that governs the
curvature of the hydrostatic pressure versus volume curve for
large volume changes.

The nominal axial stress for uniaxial deformation of the nearly
incompressible transversely isotropic freely jointed eight-chain
(TI) model is

T01TI ¼
nkθ
4λ1

a2
λ21βρ
ρ

� βPffiffiffiffi
N

p
" #

�b2
λ22βρ
ρ

� βPffiffiffiffi
N

p
" # !

ð12Þ

where
ρ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2λ21þ2b2λ22

q
; P ¼

ffiffiffiffi
N

p
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þ2b2

p
; and λ2 ¼

ffiffiffiffiffiffiffiffiffi
J=λ1

p
. Small

volume changes were assumed to agree with the near incompres-
sibility of the tissue so α was set equal to unity [48]. The TI model
requires three independent parameters in addition to CR¼nkθ: a,
b, and J.

2.2. Experimental data

Each model was simulated against uniaxial compression data
using a method described previously [37]. Cylindrical, full-
thickness explants of healthy AC were procured from 29 standar-
dized tests sites of seven human femurs. Femurs were obtained
from cadaveric Caucasian female donors whose cause of death was
unlikely to compromise the knee joint (mean7standard deviation
age: 5073 years). Knees were stored at �20 1C until samples
were procured. The femoral AC surface was isolated by thawing
the knee overnight to room temperature, removing all soft tissue
to expose the tibiofemoral and patellofemoral joints, and disarti-
culating the femur from the tibia and patella. Standardized grid
patterns were fitted onto the trochlear (3 cells mediolateral�3
cells proximodistal, typical cell size: 10 mm�13 mm) and con-
dylar (2 cells mediolateral�5 cells proximodistal, typical cell size:
12 mm�15 mm) surfaces such that a maximum AC surface area
fell under the grid (Fig. 4) [32,50]. Cartilage samples were obtained
from the center of each grid cell, which resulted in 9 trochlear
samples and 20 condylar samples per knee. A 4-mm diameter
round-hole hand punch was used to isolate the sample, and a
surgical scalpel was employed to carefully separate the AC from
the subchondral bone [51]. Each sample was stored in phosphate
buffered saline solution at �20 1C until mechanical testing was
performed. Freezing and thawing AC at this temperature has been
found to preserve the samples’ mechanical properties [52,53]. An
India ink test was conducted prior to extraction to identify surface
fibrillation [54]. Samples with surface damage were excluded from
testing.

Explants were subjected to three trials of unconfined compres-
sion from 0% to 20% peak nominal strain at 1 strain/s, which

Fig. 3. The transversely isotropic model replicates the architecture of the collagen matrix in the STZ. The dimension a is aligned perpendicular to the cartilage surface, while
the remaining two sides, each with dimension b, are parallel to the cartilage surface. As b increases relative to a, the orientation of the chains rotate to become more parallel
to the cartilage surface. Correspondingly the tensile modulus in plane defined by the b dimensions increases while the tensile modulus along the a dimension decreases.
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replicates the AC strain and strain rate associated with level-
ground gait [10,11]. Testing was conducted with a custom high-
rate uniaxial tester [37]. It contained a fixed dynamic load cell
(Dytran Instruments, Chatsworth, CA; sensitivity: 120 mV/N) and a
horizontal high-speed electric linear actuator (SMAC, Carlsbad, CA;
positional accuracy: 70.001 mm) fixed at opposite ends of a PBS
solution bath. Compression plates were mounted on the load cell
and actuator (Dytran Instruments, Chatsworth, CA; diameter:
15.78 mm). A high-speed video camera (Photron USA, San Diego,
CA; maximum frame rate: 5400 frames/s) was mounted above the
testing apparatus to record deformation of the sample during
each test.

Cartilage explants were thawed at room temperature, placed
under a minimal tare load (0.2 N), and allowed to equilibrate for
10 min in the phosphate buffered saline bath prior to testing. A
random speckle pattern was applied to the exposed explant
surface with black India ink [37,55]. The sample underwent ten
pre-conditioning cycles at the prescribed strain and strain rate.
Subsequently three experimental trials of compression (com-
pressed from 0% to 20% peak strain followed by immediate return
to 0% strain) were conducted while synchronous force and video
were recorded at 125 Hz. Several minutes were allowed between
trials for the specimen to re-equilibrate.

Digital image correlation software was used to calculate aver-
age nominal axial strain, i.e., λ�1, via the local deformation of the
speckle pattern [37,56]. Average nominal stress was computed by
dividing the current force by the undeformed cross-sectional area.
Axial nominal stress–strain curves were constructed and used as
input data for model simulations. Additionally, the tangent mod-
ulus to the nominal stress vs. nominal strain curve at 10% strain
(E10%) was extracted and averaged across trials [37]. This strain
level was selected because it is representative of physiological
cartilage strain experienced during walking and running [10,11].

2.3. Model simulations

Model simulations were conducted in Matlab (Mathworks,
Natick, MA) using the third experimental data trial from each AC

specimen. Inputs were the experimental strain, experimental
stress, and an initial guess at the unknown model parameters:
CR and N for FJC; CR, lP, and L for MAC; and CR, a, b, and J for TI.
Since all parameters represent lengths, moduli, or a volume ratio,
non-negative parameter values were required. A built-in non-
linear least-squares optimization routine determined the model
parameters that minimized the squared error between the experi-
mental stress and model-predicted stress. Based on our previous
work [32], we additionally constrained a¼1 so that variations in b
alone dictated the anisotropy of the tissue, bZ1 since a and b
were normalized to l, and Jr1 [57,58]. The goodness of fit of each
model was determined from:

R2 ¼ 1� ∑iðσexpi �σpredi Þ2
∑iðσexpi �σpredi Þ2

ð13Þ

where σexpi is the experimental stress corresponding to the ith
strain data point, σpredi is the ith predicted stress, and σpred is the
mean predicted stress.

2.4. Analysis of regional dependence

The best-fitting model (highest R2) was simplified so that only
CR was a free parameter and the remaining parameters were held
constant [32]. The optimization scheme was repeated in Matlab for
all experimental trials for each AC specimen. The goodness of fit
was calculated for each simulation via Eq. (13). Simulations with
excellent fit to the data, R2Z0.97, were used for regional analysis.
This high cut-off was selected so that the effect of CR could be
clearly assessed. Mean CR was computed for the trochlea as a
whole, the condyles as a whole, six sub-regions on the trochlea
[the medial, central, and lateral frequently loaded, i.e., “weight-
bearing” (WB),7 and the medial, central, and lateral less-frequently
loaded, i.e., less weightbearing (LWB),8 sub-regions], and four sub-
regions on the condyles [medial and lateral WB and LWB] (Fig. 4).

Fig. 4. (Left) Cartilage samples were extracted from the trochlea and condyles of each femur. A grid pattern was drawn onto each surface, and a sample was taken from the
center of each grid cell (black circle). (Right) For statistical analysis, the 29 test sites (circles) were grouped by region (trochlea, Troch, n¼9; condyles, Cond, n¼20). Samples
were grouped within region by mediolateral position and weightbearing frequency (WB/LWB). C: central trochlea, L: lateral trochlea, LC: lateral condyle, LWB: less-
frequently loaded, M: medial trochlea, MC: medial condyle, WB: frequently loaded.

7 WB: frequently loaded (“weightbearing”) articular cartilage.
8 LWB: less-frequently loaded (“less weightbearing”) articular cartilage.
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Weightbearing and less weightbearing areas represented femoral
cartilage contacting the opposing joint surface between 01 and 301
knee flexion and beyond 301 knee flexion, respectively [59–62].

Mean CR of the trochlea and condyle primary regions were
compared with repeated-measures analyses of variance (ANOVA).
For the sub-regions, the main effect of side [medial, lateral,
(central)] and contact frequency (WB, LWB) and the interaction
of the two factors on CR were evaluated with repeated-measures
mixed model ANOVA. In the case of significant main effects or
interactions (po0.05), Bonferroni-adjusted pairwise comparisons
were made. For comparison to experimental data, mean E10% was
calculated for each region of interest and submitted to the same
statistical analysis. All statistical analyses were conducted with
SAS 8.0 software (SAS Institute Inc., Cary, NC).

3. Results

3.1. Determination of best fitting model

The TI model consistently provided the best fit to the experi-
mental data (R2¼0.999), followed by the FJC (R2¼0.995), and MAC

models (R2¼0.906) (Fig. 5). The MAC model tended to under-
estimate the stress at low strain and overestimate it at high strain,
whereas the FJC model slightly overestimated the stress at low
strains but matched the stress at high strains. The mean and
standard deviations for each model's parameters are presented in
Table 1.

3.2. Analysis of regional dependence

3.2.1. Model
The TI model was used for the analysis of regional dependence

as it had the highest R2. The model was modified such that only CR
could vary by establishing the following parameter conditions:
a¼1 (from best-fit analysis), b¼1.348 (mean for best-fit analysis),
J¼1 (incompressible). The goodness of fit remained high when the
TI model was implemented with these modifications (R2¼0.981,
Fig. 5).

Mean CR is tabulated by knee and sub-region in Table 2. For
regional analysis, 20.28% (100 out of 493 total) of simulations were
excluded due to (R2o0.970). CR was significantly lower for the
trochlea (0.53370.476 MPa) compared to the condyles
(0.69670.517 MPa), F(1,6)¼10.42, po0.05. Within the trochlea,
there was a significant effect of Side on CR, F(2,12)¼10.79, po0.01
(Fig. 6). Pairwise comparisons determined no statistically signifi-
cant difference between the medial and central one-thirds
(p¼1.00). However, the lateral one-third CR was significantly
larger than the medial and central thirds (po0.01 for both cases).
No statistically significant effect of Contact Frequency [F(1,6)¼
0.74, p¼0.422] nor of the interaction of Side x Contact Frequency
[F(2,8)¼0.98, po0.418] was found for the trochlea.

On the condyles, Side did not have a significant main effect of
CR although a trend of the lateral side being stiffer than the medial
side was evident, F(1,6)¼4.07, p¼0.090. However, a significant
main effect of Contact Frequency was determined, with WB sub-
regions demonstrating significantly lower CR than LWB regions,
F(1,6)¼10.48, po0.05 (Fig. 7). No significant interaction of Side x
Contact Frequency was determined. Fig. 8 depicts the regional
variation of mean CR across the femoral surface.

3.2.2. Experimental
Similar to the model result, E10% was significantly lower for the

trochlea relative to the condyles, F(1,6)¼30.54, po0.05. In the
trochlea, there was a significant main effect of Side on E10%, F
(2,11)¼9.79, po0.01, with E10% of the lateral region significantly
higher compared to the medial (po0.01) and central (po0.05)
sub-regions. No significant difference was evident between the
medial and central sub-regions (p¼0.466). No statistically signifi-
cant difference was present between WB and LWB sub-regions, F
(1,6)¼0.02, p¼0.886, and there was no interaction of Side x
Contact Frequency, F(2,9)¼1.61, p¼0.253. The condyles displayed
a significant main effect of Contact Frequency on E10%, F(1,6)¼
11.96, po0.05, with mean E10% lower in WB compared to LWB. No
significant main effect of Side, F(1,6)¼1.41, p¼0.280, or interaction
of Side x Contact Frequency, F(1,6)¼0.52, p¼0.499, were detected.
Fig. 8 shows the mean regional values for E10% compared to CR.

4. Discussion

In agreement with our first hypothesis, the TI model best
modeled the AC nominal stress–strain response. The FJC model
was slightly worse than the TI model but still a very good fit to the
data. In contrast, the MAC model performed much worse than the
other models in capturing the experimental results. In fact, the
shape of the best-fit MAC curve was notably different from the TI
and FJC curves, with lower stresses at low strains and higher

Fig. 5. Examples of unconfined compression data (triangles) with the simulated fit
of each model. The TI Modified is the TI model with all parameters fixed except CR.
The TI model was most successful in fitting the experimental data.
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stresses at higher strains. The MacKintosh chains of the MAC
model are quite different from the freely-jointed chains of the FJC
and TI models, which likely accounts for the disparate model
performances. The MAC model was developed for chains that are
semi-flexible [33,40], whereas the FJC and TI assume flexible
chains [26,39,41]. Additionally, the length of the undeformed
configuration relative to its limiting extensibility differs among
models. The undeformed configuration of the Mackintosh chain is
near its limiting extensibility [40]. In contrast, the undeformed
length of the freely-jointed chain is much less than its limiting
extensibility [39,41]. Based on the results of the model simula-
tions, it appears that type II collagen, which represents the most
common collagen type found AC [63], is best represented by the
freely-jointed chain utilized in the FJC and TI models.

Our second hypothesis was that the TI model could represent
the regional mechanical properties of femoral AC via variations in
CR. The results of this study support this hypothesis. In the
modified TI model a¼1, b¼1.348, J¼1, and CR was selected to
optimize the simulated stress to the experimental stress. Model

simulations against the entire experimental dataset produced
values of CR that varied regionally within each knee in a similar
fashion to regional variations in the AC elastic modulus at 10%
nominal strain (E10%). Specifically, CR of the condyles was signifi-
cantly higher than CR of the trochlea, which corresponds with
findings of a higher linear elastic modulus on the condyles
compared to the trochlea [50,64]. Within the trochlea, CR of the
lateral sub-regions were significantly higher than the central and
medial sub-regions. Within the condyles, CR was higher in the
less-weightbearing regions compared to the weightbearing
regions. Of note, the linear elastic modulus used as comparison
for CR was computed at 10% nominal strain because the experi-
ment was a strain-driven test and 10% is a typical AC strain during
gait. However, we additionally calculated the linear elastic moduli
at 1%, 5%, and 15% nominal strain and examined the curvature of
the stress–strain plots. From these analyses we confirmed that the
trends reported for E10% would be unaffected if the strain level for
calculating the linear modulus was changed.

Table 1
Mean and standard deviation of optimized parameters for the FJC, MAC, and TI models.

FJC MAC TI

CR (MPa) N R2 CR (MPa) L lP R2 CR (MPa) b J R2

Mean 0.053 1.143 0.995 5.045 4.207 5.792 0.906 0.370 1.348 0.994 0.999
SD 0.047 1.390 0.005 2.667 0.907 0.902 0.075 0.615 0.248 0.005 0.001

Table 2
Mean CR (MPa) of modified TI model by knee and sub-region.

Knee
Trochlea Condyles

M WB C WB L WB M LWB C LWB L LWB M WB L WB M LWB L LWB

1 0.094 0.085 0.244 0.107 0.125 0.272 0.228 0.335 0.270 0.707
2 0.217 0.462 0.404 0.158 0.480 0.617 0.504 0.614 0.617 1.465
3 1.349 1.658 1.532 1.389 1.811 1.620 2.163 1.658 1.862
4 0.130 0.320 0.324 0.078 0.379 0.215 0.375 0.208 0.543
5 0.189 0.196 0.300 0.191 0.550 0.598 0.535 0.439 0.634
6 0.411 0.604 0.963 0.121 0.122 1.594 0.358 0.595 0.657 1.008
7 0.314 0.194 0.521 0.144 0.404 0.733 0.256 0.483 0.607 0.332

M – medial; C – central; L – lateral; WB – weightbearing; LWB – less weightbearing.
Blank cells indicate that no simulations with R240.970 were conducted.

Fig. 6. Mean CR across the six sub-regions of the trochlea. Bars indicate one
standard deviation. Hatching indicates less weightbearing regions. The lateral
weightbearing and less weightbearing sub-regions had significantly higher CR
compared to the medial and central sub-regions. No statistical differences were
determined for weightbearing versus less weightbearing regions. These findings
agree well with experimentally-determined cartilage moduli.

Fig. 7. Mean CR across the four sub-regions of the condyles. Bars indicate one
standard deviation. Hatching indicates less weightbearing regions. The weightbear-
ing regions had significantly lower CR compared to the less weightbearing regions.
No statistical differences were determined between the medial and lateral regions.
These findings agree well with the experimentally-determined cartilage moduli.
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Little is currently known about regional differences in the
collagen structure of femoral AC to relate to the findings of the
present study. However, some insight can be drawn from data on
the better-researched tibial plateau of the knee. Tibial plateau AC
not situated below the menisci exhibits a minimal STZ and is
dominated by vertically-oriented collagen fibers [36,65]. This
tissue experiences primary loading during walking and running
that is generally compressive. In contrast, the AC beneath the
menisci has a substantially larger STZ, with collagen fibers pre-
dominantly oriented parallel to the cartilage surface [36,65]. It is
believed that the meniscus-covered regions are not frequently
loaded in gait but rather in tasks requiring deep knee flexion, such
as stair climbing and rising from a chair [66]. These tasks involve
higher forces than gait [67,68] and also produce more
tangentially-oriented (shear) loads on the cartilage due to the
sliding and rotating of the femur over the tibia at larger knee
flexion angles [69]. It appears, therefore, that regional variations in
collagen structure of tibial AC match regional variations in loading
patterns. That is, vertically-oriented and less stiff cartilage in
regions of lower magnitude but frequently occurring compressive
loads and tangentially-oriented, stiffer cartilage in regions of
higher magnitude and infrequent shear loads [8,38].

On the femur, similar differences in loading pattern can be
defined, which may suggest expectations for the underlying
collagen structure. For the femoral condyles, areas of the condyles
that contact the tibia joint surfaces between �51 and 301 knee
flexion likely experience frequent compressive loading during gait
and interact with the low-stiffness, meniscus-uncovered tibial AC
[66]. On the other hand, the more posterior/distal portions of the
condyles make contact only for knee flexion angles greater than
301, interact with much stiffer meniscal tissue [70] and meniscus-
covered cartilage, and are believed to undergo large, more
tangentially-directed loads [59,71]. In this paper these are the

WB and LWB regions of the condyles, respectively, and it could be
hypothesized that the collagen structure is somewhat similar to
the corresponding regions of the tibial plateau. This would agree
with the present finding of significantly higher CR in the LWB
compared to the WB regions of the femur condyles.

A similar WB/LWB dichotomy can be inferred from the loading
pattern of the trochlea [59,71], but it is complicated by a dominat-
ing lateral pull on the patella at low knee flexion angles from the
lateral soft tissues of the knee and the quadriceps muscle [72,73].
It also influenced by the flexion-dependent congruency of the
patella in the trochlear groove [74]. Inferring collagen structure at
the patellofemoral articulation is thus challenging. However, the
higher CR on the lateral third region of the trochlea compared to
the central and medial regions may indirectly suggest a collagen
structure adapted to concentrated loading of the lateral trochlear
aspect. The lack of significant differences between the WB and
LWB regions on the trochlea may be due a more complicated
trochlea–patella interaction than the relatively simple sliding and
rolling of the tibia–femur interaction.

Variations in the mechanical properties of tibiofemoral carti-
lage [37,50] have been suggested to play an important role in the
initiation of OA [75]. However, few cartilage models currently
incorporate regionally-varying mechanical properties. The TI
model examined herein manifested similar regional mechanical
variations to those shown experimentally for healthy human
femoral cartilage via only one parameter, CR. This result indicates
that implementing a spatially-dependent CR in the TI network
would allow the spatial heterogeneity of the AC mechanical
response to be efficiently represented through a simple collagen-
based model within whole joint computational schemes. Fig. 8
provides a starting point for implementing regionally-varying CR.

While the structure of AC is substantially different from that of
the TI model, the mechanistic nature of the model permits some

Fig. 8. Comparison of E10% determined experimentally (A) and CR from Modified TI model simulations (B). Boxed areas represent each sub-region with text displaying mean
(one standard deviation) values of the respective parameter. For both parameters, the medial (M) and central (C) trochlea had significantly lower values (po0.05) compared
to the lateral (L) trochlea. Likewise, mean E10% and CR were significantly lower (po0.05) for the weightbearing (WB) condylar sub-regions compared to the less
weightbearing (LWB) condylar sub-regions. LC – lateral condyle, MC – medial condyle. No other statistically significant differences were present between sub-regions.
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exploration of potential effects of the collagen matrix on the AC
stress–strain response at high strain rates. In the context of knee
AC, CR could be interpreted to partially reflect the volume density
of intact collagen fibrils. Areas with fewer collagen fibrils or with
increased damage to existing fibrils (e.g., due to OA) are expected
to exhibit a lower CR. The effect of CR is reflected in the initial
modulus of the stress–strain curve; lower CR dictates a initial
modulus [39].

The ratio a:b indicates the extent of transverse isotropy of the
collagen matrix: a:b41 occurs when the collagen fibers are more
frequently aligned in the direction of compression, and a:bo1
occurs when the collagen fibers are preferentially oriented in the
plane perpendicular to the compression axis [26]. Collagen fibers
in the STZ of knee AC primarily align parallel to the cartilage
surface (i.e., perpendicular to the compression axis) [31,36]. The
results of this study agree well with this finding as a:b was less
than one across all test sites. If a depth-dependent cartilage
response is desired, the model could be extended to the entire
thickness of the cartilage by allowing a:b to vary with depth: a:
bo1 in the STZ, a:bE1 in the middle zone where the collagen
fibers transition from their parallel orientation at the surface to
their radial orientation near the subchondral bone, and a:b41 in
the deep zone near the subchondral bone [31].

The kinematical variable J governs the compressibility of the
tissue. If the tissue is incompressible, meaning that it deforms
without changing total volume, J¼1. Articular cartilage is com-
posed mainly of water and thus is nearly incompressible at high
strain rates where negligible fluid flow occurs [47,48]. In the
present study J remained nearly constant across regions and knees,
which agrees well with the physiology of the tissue and with
previous findings for modeling tibial cartilage [32]. Therefore, we
feel confident that J can remain fixed near 1 for modeling healthy
cartilage. Likewise, changes in the water composition of the tissue
or the ability of the tissue to maintain its hydrostatic pressure (e.g.,
due to severe matrix damage) could be modeled with a decrease in
J, although this must first be validated.

We explicitly chose to ignore the proteoglycan content in the
model although it influences the compressive loading response of
AC [14,19,76,77]. For the short loading duration utilized in our
study, negligible fluid flow occurs, negating viscous effects due to
the proteoglycan aggregates interacting with fluid flowing out of
the tissue [12]. Rather AC deformation occurs under nearly
constant volume and is controlled by the resistance of the collagen
network [21,78]. We acknowledge that the presence of proteogly-
cans, by creating an osmotic pressure to resist collapse of the
collagen network, enables this deformation to occur [77]. How-
ever, it likely does not influence the stress–strain relationship in
this case. Bader et al. [22] determined that proteoglycans governed
the viscous damping of the compression response while collagen
dominated the elastic response. Therefore, in the case of a single
unconfined compression loading and immediate unloading, as
done in our study, the response should be dominated by the
mechanical response of the collagen network. This was confirmed
via computational modeling by Li et al. [79]. With these findings in
mind we chose to not explicitly consider proteoglycan content.
Likewise, the very good fit of the model is possible because of the
minimal influence of proteoglycan in the loading scenario utilized.
Additionally, this finding is likely possible because we strictly
examined healthy tissue. Osteoarthritic tissue is known to have
higher proteoglycan content, increased swelling, and a compro-
mised collagen structure [76,80]. In this case, it is possible that
negligible fluid flow may not be a valid assumption and proteo-
glycan content must be considered.

The mean R2 for the TI model with all parameters fixed except CR
was very high, but 20% of the simulations were subsequently rejected
for R2o0.97. Post-hoc repeated-measures ANOVA determined that

mean b for high-rejection test sites (50% or more rejected trials) was
1.287, which was significantly lower than mean b for low-rejection
sites (b¼1.325), F(1,6)¼325.95, po0.001. This finding suggests that
the model is particularly sensitive to b in regions with less anisotropy
than average (i.e., lower b). Nonetheless all rejected simulations
demonstrated R240.90, which is generally accepted as a high
goodness of fit. When the regional analysis for CR was repeated with
all simulations included, observed regional variations in CR remained
the same. Consequently, the modified TI model would be an excellent
method for modeling the high strain-rate response of femoral AC.

Several potential limitations may impact the generalizability of
study outcomes. The experimental data used for this study, for
example, were taken from a restricted demographic. It is therefore
unclear as to the extent to which these results can be applied to
the general population. Further work must be done to validate the
model against datasets from other demographics and if necessary
determine relevant parameter values for these groups. The model
has also only been evaluated for AC loaded in unconfined com-
pression, but other deformation states, e.g., shear, may also be
relevant to cartilage degeneration. Eight-chain networks have
successfully modeled multiple deformation states for polymers
[34,39], but this has not been examined with AC. Additional
research into the extent to which the current model parameters
can successfully simulate other important deformation states
should now be conducted. Nonetheless, the TI model appears to
be highly valuable for modeling of AC within whole-knee compu-
tational models. Several elegant non-linear, inhomogeneous, ani-
sotropic cartilage models currently exist, but few model
topographical variations in cartilage mechanics and none with a
single varying-parameter as in the TI model [57,81-88]. Modeling
cartilage with the TI model will provide new insights into diseases
associated with the non-uniform mechanical properties of the
tissue without compromising the efficient dynamics of the whole
model. If such steps are taken, efforts to implement and validate
the TI model using a region-dependent CR, within a valid knee
joint model, should initially be undertaken.

The TI model as proposed in this paper can feasibly be
implemented within any commercial finite element package that
permits user-defined hyperelastic materials (e.g., Abaqus, Dassault
Systèmes, France). The model's strain energy Eq. (11) would be
supplied along with its derivatives and parameter values. The
strain energy can be simplified by using constant values for all
parameters except CR (i.e., nkθ): α,a,J,B¼1; and b¼1.3481. To
model the heterogeneity in human AC, CR must be defined as a
function of position across the cartilage surface (Fig. 8). The TI
model is appropriate for any material with known transverse
anisotropy and a mechanical response primarily dictated by non-
linear, recoverable deformation.

5. Conclusions

Three statistical chain network models have been evaluated for
simulating high strain-rate uniaxial compression of healthy
human femoral AC. The TI model was found to most successfully
fit the data. Moreover, the model maintained an excellent fit when
its degrees of freedom were reduced from three to one, which is
not common for a mechanistic cartilage model. The reduced
degree of freedom TI model was particularly novel in that regional
variations in its single non-constant parameter, CR, followed the
same pattern as experimentally-measured elastic modulus. The
model incorporates parameters that could be interpreted with
respect to the collagen structure of the AC. This mechanistic nature
along with its efficient formulation make it particularly valuable
for implementing into computational models of the knee. Further-
more, its ability to simulate the regionally-varying properties of

J.M. Deneweth et al. / International Journal of Non-Linear Mechanics ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 9

Please cite this article as: J.M. Deneweth, et al., Hyperelastic modeling of location-dependent human distal femoral cartilage mechanics,
International Journal of Non-Linear Mechanics (2014), http://dx.doi.org/10.1016/j.ijnonlinmec.2014.06.013i

http://dx.doi.org/10.1016/j.ijnonlinmec.2014.06.013
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.06.013
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.06.013


healthy knee cartilage, which is currently not replicated by other
models, will greatly enhance current investigations of knee OA
initiation and progression.
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